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To the memory of my colleague and friend Giulio Minervini. 

Abstract. A smooth algebraic surface S is said to be isogenous to a product of unmixed type 
if there exist two smooth curves C, F and a finite group G, acting faithfully on both C and 
F and freely on their product, so that S = (C X F)/G. In this paper we classify the surfaces 
of general type with p g — q = 1 which are isogenous to an unmixed product, assuming that 
the group G is abelian. It turns out that they belong to four families, that we call surfaces of 
type /, II, III, IV. The moduli spaces dJli, DJln, DJliv are irreducible, whereas 9Jtin is the 
disjoint union of two irreducible components. In the last section we start the analysis of the 
case where G is not abelian, by constructing several examples. 

0. Introduction 

The problem of classification of surfaces of general type is of exponential computational 
complexity, see |Ca92j . |Ch96| . [Ma n97] : nevertheless, one can hope to classify at least those 
with small numerical invariants. It is well-known that the first example of surface of general 
type with p g = q = was given by Godeaux in |Go31| : later on, many other examples were 
discovered. On the other hand, any surface S of general type verifies x{®s) > 0, hence q(S) > 
implies p g (S) > 0. It follows that the surfaces with p g = q = 1 are the irregular ones with the 
lowest geometric genus, hence it would be important to achieve their complete classification; so 
far, this has been obtained only in the cases K 2 S = 2,3 (see [Ca8l] . [CaCi91! . [CaGi93| . [PolOfij . 
[CaPi05]). As the title suggests, this paper considers surfaces of general type with p g = q = 1 
which are isogenous to a product. This means that there exist two smooth curves C, F and a 
finite group G, acting freely on their product, so that S = (C x F)/G. We have two cases: the 
mixed case, where the action of 67 exchanges the two factors (and then C and F are isomorphic) 
and the unmixed case, where G acts diagonally. In the unmixed case G acts separately on C and 
F, and the two projections ttq ■ C x F — > C, irp: C x F — > F induce two isotrivial fibrations 
a: S — > C/G, (3: S — > F/G, whose smooth fibres are isomorphic to F and C, respectively. 
If S is isogenous to a product, there exists a unique realization S = (C x F)/G such that the 
genera g(C), g(F) are minimal ( |Ca00j . Proposition 3.13); we will always work with minimal 
realizations. Surfaces of general type with p g = q = isogenous to a product appear in |Be96j . 
[Par03] and [BaCa03j; their complete classification has been finally obtained in [BaCaGr06j. 
Some unmixed examples with p g = q = 1 have been given in |Pol 06] ; so it seemed natural to 
attack the following 

Main Problem. Classify all surfaces of general type with p g = q = 1 isogenous to a product, 
and describe the corresponding irreducible components of the moduli space. 

In this paper we fully solve the Main Problem in the unmixed case assuming that the group 
G is abelian. Our results are the following: 

Theorem A (see Theorem 14. ip . If the group G is abelian, then there exist exactly four families 
of surfaces of general type with p g = q = 1 isogenous to an unmixed product. In every case 
g(F) = 3, whereas the occurrences for g(C) and G are 
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I. g(C) = 3, G = (Z 2 ) 2 ; 
II. g(C) = 5, G = (Z 2 ) 3 ; 
III. g{C) = 5, G = Z 2 x Z 4 ; 
IV. g(C) = 9, G = Z 2 xZ 8 . 
Surfaces of type I already appear in [P ol06] . whereas those of type II, III, IV provide new 
examples of minimal surfaces of general type with p g = q = 1, K 2 = 8. 

Theorem B (see Theorem ET]). The moduli spaces 971/, 9Jt/y are irreducible of dimension 

5, 4, 2, respectively. The moduli space VJtni is the disjoint union of two irreducible components 
QJIjjj, SPt///; both of dimension 3. 

The case where G is not abelian is more difficult, and a complete classification is still lacking 
(see Remark 17, 4p . However, we can shed some light on this problem, by proving 

Theorem C (see Theorem l7.ip . Let S = (CxF)/G be a surface of general type withp g = q = 1, 
isogenous to an unmixed product, and assume that the group G is not abelian. Then the following 
cases occur: 



G 


\G\ 


9(C) 


9(F) 


S3 


6 


3 


4 


D 4 


8 


3 


5 


D e 


12 


7 


3 


A 4 


12 


4 


5 




24 


9 


4 


A 5 


60 


21 
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The examples with G = S3 and -D4 already appear in [P0IO 6] . whereas the others are new. 
It would be interesting to have a description of the moduli spaces for these new examples (see 
Remark I7.3p . 

While describing the organization of the paper we shall now explain the steps of our classifica- 
tion procedure in more detail. The crucial point is that in the unmixed case the geometry of 
the surface S = (C x F)/G is encoded in the geometry of the two G— covers h: C — > C/G, 
f : F — > F/G. This allows us to "detopologize" the problem by transforming it into an equiv- 
alent problem about the existence of a pair of epimorphisms from two groups of Fuchsian type 
into G; this is essentially an application of the Riemann's existence theorem. These epimor- 
phisms must satisfy some additional properties in order to get a free action of G on C x F and 
a quotient surface with the desired invariants (Proposition 13. 1[ ). The geometry of the moduli 
spaces can be also recovered from these algebraic data (Propositions 13.4 1 and I3.5p . 
In the nonabelian case we follow a similar approach (Proposition 17. 2p . 

In Section [1] we fix the algebraic set up. The reader that is only interested in the proof of 
Theorems A and C might skip to Section [2] after reading Section [1.11 On the other hand, the 
content of Sections 11.21 11.31 11.41 11.51 is essential in order to understand the proof of Theorem 
B. The results in 11.31 are well-known, whereas for those in 11.41 and 11.51 we have not been able 
to find any complete reference; so we had to carry out "by hand" all the (easy) computations. 
In Section [2] we establish some basic results about surfaces S of general type with p g = q = 1 
isogenous to a product. Such surfaces are always minimal and verify Kg = 8. Moreover, we 
show that if G is abelian then the Albanese fibration of S is a genus 3 pencil with two double 
fibres. 

The main results of Section [3] are Propositions 13.11 and 13.51 which play a central role in this 
paper as they translate our Main Problem " from geometry to algebra" . 

Section [4] contains the proof of Theorem A, whereas Section [5] contains the proof of Theorem 
B. 

In Section [6] we study the paracanonical system {K} for surfaces of type /, II, III, IV, show- 
ing that in any case it has index 1 (Theorem 16. 3p . This section could appear as a digression 
with respect to the main theme of the paper; however, since the index of {K} is an important 
invariant of S (see |Be88j . |CaCi9lj . |CaCi9 3]) we thought worthwhile computing it. 
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Finally, Section [7] deals with the proof of Theorem C. 

Notations and conventions. All varieties and morphisms in this article are defined over 
the field C of complex numbers. By "surface" we mean a projective, non-singular surface S, 
and for such a surface K$ or ujg denote the canonical class, p g (S) = h°(S, K$) is the geometric 
genus, q(S) = h}-(S, K$) is the irregularity and x(Os) = 1 — q(S) + p g (S) is the Euler charac- 
teristic. If S is a surface with p g = q = 1, then a: S — ► E is the Albanese map of S and F 
denotes the general fibre of a. 
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Training Network EAGER, no. HPRN-CT-2000-00099, and by a Marie Curie pre-doc fellow- 
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sharing the ideas contained in |BaCa03] . He also wishes to thank A. Corti, M. Reid, G. Infante 
for helpful conversations and R. Pardini for pointing out some mistakes contained in the first 
version of this paper. Finally, he is indebted with the referee for several detailed comments that 
considerably improved the presentation of these results. 

1. Topological background 

Many of the result that we collect in this section are standard, so proofs are often omitted. 
We refer the reader to [Br 90, Section 2], [BreOO, Chapter 3] and |H71] for more details. 

1.1. Admissible epimorphisms. Let us denote by V = T{g' \ mi, . . . , m r ) the abstract group 
of Fuchsian type with a presentation of the form 

generators: ai, . . . , a g r, bi,...,b g r, c\ , . . . , c r 

(1) relations: c™ 1 = • • • = c™ r = 1 

cic 2 •••c T nf =1 [aj,6j] = 1. 

The signature of V is the ordered set of integers (</ | mi, ■ ■ ■ , m r ), where without loss of generality 
we may suppose 2 < mi < m 2 < • • • < m r . We will call g 1 the orbit genus of T and m := 
(mi, . . . , m r ) the branching data. In fact the group T acts on the upper half-plane so that the 
quotient space J4?/T is a compact Riemann surface of genus g' and the are the ramification 
numbers of the branched covering J4? — > J4?/T. For convenience we make abbreviations 
such as (2 3 ,3 2 ) for (2,2,2,3,3) when we write down the branching data. If the branching 
data are empty, the corresponding group F(g' | — ) is isomorphic to the fundamental group 
of a compact Riemann surface of genus g'; it will be denoted by ILy. The following result, 
which is essentially a reformulation of the Riemann's existence theorem, translates the problem 
of finding Riemann surfaces with automorphisms into the group theoretic problem of finding 
certain normal subgroups in a given group of Fuchsian type. 

Proposition 1.1. A finite group G acts as a group of automorphisms of some compact Rie- 
mann surface X of genus g > 2 if and only if there exist a group of Fuchsian type T = 
T(g' | mi, . . . , m r ) and an epimorphism 9 : T — ► G such that Ker 6 = H g . 

Since II 5 is torsion- free, it follows that 9 preserves the orders of the elliptic generators c\,...,c r 
of r. This motives the following 

Definition 1.2. Let G be a finite group. An epimorphism 9: V — ► G is called admissible if 
9(ci) has order mi for every i € {1, . . . ,r}. If an admissible epimorphism 9: T — > G exists, 
then G is said to be (g' \ mi, . . . , m r )— generated. 

Proposition 1.3. If an abelian group G is (g' \ mi, . . . ,m r )— generated, then 1. 
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Proof. Suppose G abelian and r = 1. Then relation xiH 9 i=1 \a,i, fy] = 1 yields 6{x\) = for any 
epimorphism 9 : V — > G, so cannot be admissible. □ 

If G is {g 1 | mi, . . . , m r )— generated, set 



ft 


:= 9(a) 


1 < i < r; 




:= 9( aj ) 


i < j < g' 


3+9' 


■= 9(h) 


i < i < </ 



The elements g\ , . . . , g r , hi, ... , Ii2g> generate G and moreover one has 

(2) gm ■ ■ ■ g r Rf=i[hi, h i+g >] = l 

and 

(3) o(gi) = mi. 

Definition 1.4. An admissible generating vector (or, briefly, a generating vector) of G with 
respect to T is a (2g' + r)-ple of elements 

V = {#1, • • • ,g r ; hi,... h 2g '} 

such that V generates G and (0), (0) are satisfied. 

If G is abelian we use the additive notation and relation ([2]) becomes 

(4) g x + ■ ■ ■ + g r = 0. 

It is evident that giving a generating vector for G with respect to T is equivalent to give an 
admissible epimorphism 9 : T — > G; such an epimorphisms fixes the representation of G as a 
group of conformal automorphisms of a compact Riemann surface X of genus g and the quotient 
X/G has genus g', where g and </ are related by the Riemann-Hurwitz formula 



(5) 



2 *- 2 =|G|(v-2 + £(l-_L)) 



Hence, accordingly to Proposition 11.14 there is a short exact sequence 



(6) 1 — > U g T G — ► 1 

such that r can be viewed as the orbifold fundamental group of the branched cover X — > X/G 
(see |Ca00j ). In particular, the cyclic subgroups (gi) and their conjugates are the non-trivial 
stabilizers of the action of G on X. 

1.2. Hurwitz moves. Looking at exact sequence ((6|) it is important to remark that X is defined 
up to automorphisms not by the specific 9, but rather by its kernel Lg(U g ); this motives the 
following 

Definition 1.5. We set 

. , f Admissible epimorphims 9 : T — ► G 1 , 

E P i(H„ r, G) := | such that Ker ^ Hfl J/~ 

where 6\ ~ 02 */ on/y i/ Ker #i = Ker ^2 • 

Abusing notation we will often not distinguish between an epimorphism 9 and its class in 
Epi(n 9 ,r,G). An automorphism rj £ Aut(T) is said to be orientation-preserving if, for all 
i G {1, ... ,r}, there exists j such that r/(cj) is conjugated to Cj. This of course implies o(q) = 
o(cj). The subgroup of orientation-preserving automorphisms of T is denoted by Aut + (r) and 
the quotient Mod(r) := Aut + (r)/Inn(r) is called the mapping class group of T. There is a 
natural action of Aut(G) x Mod(r) on Epi(n s ,r,G), namely 

(A, rj) ■ 9 := X o 9 o m 
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Proposition 1.6. Two admissible epimorphisms 9i, 62 G Epi(n 9 ,r,G) define the same equiv- 
alence class of G— actions if and only if they lie in the same Aut(G) x Mod(T) — class. 

The non-trivial part of the proof is to show that Aut(G) x Mod(T)— equivalent epimorphisms 
give equivalent G— actions; this depends on Teichmiiller theory and proofs can be found in 
|McB66j and [H7l] . 

The action of Aut(G) x Mod(r) on Epi(Il 9 ,r,G) naturally induces an action on the set of 
generating vectors (up to inner automorphisms of G); in particular, if 9\ and 62 are in the 
same {Id} x Mod(T)— class, we say that the corresponding generating vectors are related by a 
Hurwitz move. If "V = {gi, . . . , g r ; hi,... h^g'} is a generating vector of G with respect to V, by 
definition of Aut + (r) any Hurwitz move sends gi to some conjugated of gj, where o(gi) = o(gj). 
In particular, if G is abelian then the Hurwitz moves permute the gi having the same order. 
Moreover in this case the Hurwitz moves on V are unambiguously defined, since Inn(G) is trivial. 
If S fl / is a differentiable model of a compact Riemann surface of genus g' and p\ , . . . , p r € £ g / , 
we define 

Mod g / iM := vr Diff + (£ 9 , - {p u . . . ,p r }). 

Given T := T(g' \ m r ), it is well known that Mod(r) is isomorphic to Mod 9 /j r ] ([Sc hn03| . 
Theorem 2.2.1). In the sequel of this paper we will deal with an abelian group G and with 
few types of signature, namely (0 | m), (1 | m) and (1 | m 2 ). So let us explicitly describe the 
Hurwitz moves in these cases. 

1.3. The case g' = 0. For the sake of simplicity, let us suppose that all the m; are equal, i.e. 
mi = . . . = m r = m. By the result mentioned above, the mapping class group Mod(T(0 | m r )) 
can be identified with 

Mod 0j[r] := vr Diff+(P 1 - { Pl , . ..p r }), 

which is a quotient of the Artin braid group B r . Let o~i be the positive-oriented Dehn twist 
about a simple closed curve in P 1 containing pi and none of the other marked points. Then it 
is well known (see for instance [Schn03| . Section 2.3) that Mod 0> [r-] is generated by o~i, . . . ,a r 
with the following relations: 

o~iO-i + \ai = (Tj+icJjCJj+i 

(Ji(jj = CTjfjj if \i — j\ > 2 

2 1 
cr r _iO" r ._2 • • • o~i ■ ■ ■ 0Y_20Y_i — 1. 

Now we can describe the Hurwitz moves in this case. 

Proposition 1.7. Up to inner automorphisms, the action o/Modoj r ] on T(0 | m r ) is given by 




y% — * Ui+x 

Vi+l * VT+lViVi+l 

Vj — * Vj if 3 + i, i + 1; 



Proof. See |Schn03| . Proposition 2.3.5 or |Ca05| . Section 4. □ 

Corollary 1.8. Let G be a finite abelian group and let V = {gi, . . . ,g r } be a generating vector 
of G with respect to T(0 | m r ). Then the Hurwitz moves coincide with the group of permutations 
ofV. 

The general case can be carried out in a similar way (see [Br90], Proposition 2.5.) and one 
obtains 

Corollary 1.9. Let G be a finite abelian group and let V = {gi, . . . ,g r } be a generating vector 
of G with respect to T(0 \ mi, . . . ,m r ). Then the Hurwitz moves on V are generated by the 
transpositions of the gi having the same order. 
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1.4. The case g' = 1, r = 1. Let r = T(l | m 1 ); then Mod(T) can be identified with 

Modi,i = tt DifT + (S 1 - {p}). 

This group is generated by the positively-oriented Dehn twists t a , tg about the two simple closed 
curves a, (3 shown in Figure [TJ The corresponding relations are the following (see |Schn03| ): 




Figure 1. Generators of Mod^i 

tatpta = tpt a tp; (tatp) 3 = 1. 

Via the identifications 

1 ) ' ^ = ( -1 1 

one verifies that Modi i is isomorphic to SL2(Z). The group T(l | m 1 ) is a quotient of 7Ti(Si — 
{p}), in fact it has the presentation 

T(l | m 1 ) = (a,b,x | x m = x[a,b] = 1). 

Let us identify the torus Si with the topological space obtained by gluing the opposite sides of 
a square; then the generators a, b, x of T(l | m 1 ) and the two loops a, j3 are illustrated in Figure 

El 




Figure 2. 
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Proposition 1.10. Up to inner automorphisms, the action o/Mod^i on T(l | m 1 ) is given by 




Proof. It is sufficient to compute, up to inner automorphisms, the action of Mod^i on 7Ti(Si — 
{p}). Look at Figure El Evidently, t a (a) = a and t a (x) = x, because a is disjoint from both 
a and x. Analogously, tp{b) = 6, tp{x) = x. Hence we must only compute t a (b) and tfs(a). 
The pair (a, b) is positively oriented and the action of t a on b is illustrated in Figure El so we 
obtain t a (b) = £i£2i which is homotopic to ba. Similarly, (/?, a -1 ) is a positively oriented pair 




Figure 3. t a (b) = £i£ 2 = ba 

and the action of tp on a -1 is illustrated in Figuredl so we obtain tp{a~ l ) = 771772 = ba^ 1 , that 
is tp(a) = ab^ 1 . □ 




Figure 4. tp{a l ) = 7717/2 = ba 1 



v 




9 — 


-> 9 




h - 


— /*1 


2 


h 2 - 


— > hi + /i2 






Corollary 1.11. Let G be a finite abelian group and letW = {g; hi, h 2 } be a generating vector 
for G with respect to T(l \ m l ). Then the Hurwitz moves on W are generated by 

-h 2 

Proof. This follows directly from Proposition II . 101 □ 

1.5. The case g' = 1, r = 2, mi = m 2 = m. Let T = T(l | m 2 ); then Mod(r) can be identified 
with 

Mod lj[2] =vr Diff+(E 1 -{p 1 ,p 2 }). 

This group is generated by the positively-oriented Dehn twists t a , tp, t y about the simple closed 
curves a, (5, 7 shown in Figure [5l and by the class of the rotation p of ir radians around the 
line I, which exchanges the marked points. The relations defining Mod^p] are the following (see 




Figure 5. Generators of Modi^ 

[CaMu04p : 

tatpt a tpt a tp, t a t-yt a t^t a t-y, 

tpty = tjtp; (tatpt.y) 4 = 1; 
t a p = pt a ; tpp = ptp; t y p = pt T 
The group T(l | m 2 ) is a quotient of 7Ti(Ei — {pi,p 2 }), in fact its presentation is 

T(l I m 2 ) = (a, b, x\,x 2 \ x™ = x™ = xix 2 [a, b] = 1); 
the generators a, b, x%, x 2 and the loops a, (3, 7 are illustrated in Figured 

Proposition 1.12. Up to inner automorphisms, the action o/Mod 1; [ 2 ] on T(l | m 2 ) is given 
by 



t a : < 



x\ - 


— > X\ 






Xl - 


— > Xl 




x 2 - 


— > x 2 


tp: 




x 2 - 


— > x 2 




a — 


-> a 


< 


a — 


-» aft- 1 




b — 


-* ba 






b — 

V 


-» 6 




X\ - 


— > Xl 






Xl - 


-» b^a" 


l x 2 ab 


x 2 - 


— > ab^ 1 a" 1 x 2 aba~^ 






x 2 - 




l xiba 


a — 


-» b~ 1 x±a 


P- 


< 


a — 






b — 


-» b 






b — 


*b-\ 





Proof. It is sufficient to compute, up to inner automorphisms, the action of Modi ,[2] on 7r i(Ei — 
{pi,p 2 }). Look at Figure [6] and consider the action of t a . We have t a {a) = a, t a (xi) = 
x%, t a (x 2 ) = x 2 because a is disjoint from a, xi, x 2 ; moreover t a (b) = ba exactly as in the 
proof of Proposition 11.101 The computation of the action of tp is similar. Next, let us consider 
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Figure 6. 



the action of i 7 . The curve 7 is disjoint from both b and x\, then i 7 (6) = b, i 7 (xi) = x\. 
Moreover, since (7, a -1 ) is a positively-oriented pair, the action of t 7 on a -1 is as in Figure [TJ 
this gives t 1 {a^ 1 ) = £1^2 = a~ 1 x^[ 1 b, hence t 1 (a) = b~ l x\a. Using the computations above and 




Figure 7. i 7 (a -1 ) = £i£ 2 = a^ 1 x 1 1 b 

the relation x±X2[a, b] = 1 we obtain x\t~ 1 {x2)\b _1 xia, ft] = 1, hence 

t 7 (x2) = a6 _1 a _1 x ] ^ 1 6 = ab^ 1 a -1 X2dba~ 1 . 

Finally, let us consider the action of p, which is illustrated in Figure El Evidently, p(a) = a 
and p{b) = b . Moreover, the picture also shows that there is the relation 

6a(p(a;i)) _1 £> _1 a _1 = x\. 

Then 

p{x\) = b~ 1 a~ 1 x^[ 1 ba = b^ 1 a -1 (x2(iba~ 1 b~ 1 )ba 
= b~ 1 a~ 1 X2db. 

9 




Figure 8. Action of p 

Finally, using xiX2[a,b] = 1, we can write 

p(x 2 ) = (p(x l )rHp([a,b])y 1 

= {b- 1 a~ 1 x 2 ab)- 1 (a- 1 b- 1 ab)- 1 

= b~ x aT x x^ba = a~ l b~ l x\ba. 

This completes the proof. □ 

Corollary 1.13. Let G be a finite, abelian group and let W = {gi, g 2 ; hi, h 2 } be a generating 
vector for G with respect to Y(l \ m 2 ). Then the Hurwitz moves on W are generated by 



9i - 


-> 91 






91 — 


-> 91 


92 - 


-> 92 


2: 




92 — 


-+ 92 


h - 


-fcj 




< 


hi - 


^hi- 


: h2 ' 


— > h\ + h 2 








^h 2 


' 9\ - 


91 






91 ~ 


92 


92 - 


-+ 92 


4: 




92 ~ 


-> 91 


h - 


^hi-h 2 +gx 




< 


hi - 


- -hi 


( h 2 - 


^h 2 






( h 2 - 


-> ~h 2 



2. Surfaces of general type with p g = q = 1 isogenous to a product 

Definition 2.1. A surface S of general type is said to be isogenous to a product if there exist two 
smooth curves C, F and a finite group G, acting freely on their product, so that S = (C x F)/G. 

We have two cases: the mixed case, where the action of G exchanges the two factors (and 
then C, F are isomorphic) and the unmixed case, where G acts diagonally. If S is isogenous to 
a product, there exists a unique realization S = (C x F)/G such that the genera g(C), g(F) 
are minimal ( [CaOOj . Proposition 3.13). Our aim is to solve the following 

Main Problem. Classify the surfaces of general type S = (CxF)/G withp g = q = 1, isogenous 
to an unmixed product, assuming that the group G is abelian. Describe the corresponding 
irreducible components of the moduli space. 

Notice that, when S is of unmixed type, the group G acts separately on C and F and 
the two projections ttq ■ C x F — ► C, ftp : C x F — ► F induce two isotrivial fibrations 
a: S — ► C/G, (3: S — > F/G whose smooth fibres are isomorphic to F and C, respectively. 
Moreover, we will always consider the minimal realization of S, so that the action of G will be 
faithful on both factors. 
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Proposition 2.2. Let S = (C x F)/G be a surface of general type with p g = q = 1, isogenous 
to an unmixed product. Then S is minimal and moreover 

(i) Kj = 8; 

(ii) \G\ = (g(C)-l)(g(F)-l); 

(Hi) F/G 9* P 1 and C/G ^ E, where E is an elliptic curve isomorphic to the Albanese 

variety of S; 
(iv) S contains no pencils of genus 2 curves; 
(v) g{C) > 3, g(F) > 3 (hence (ii) implies \G\ > 4). 

Proof. Since the projection C x F — ► S is etale, the pullback of any (—1)— curve of S would 
give rise to a (disjoint) union of (—1)— curves in C x F, and this is impossible; then S is minimal. 
Now let us prove (i) — (v). 

(i) Since S is isogenous to an unmixed product we have K s = 2c2(S) ([Se90], Proposition 

3.5). Noether's formula gives K s + C2(S) = 12, so it follows K s = 8. 
(ii) We have 



p g (C x F) = g(C) ■ g(F) and q(C x F) = g(C) + g(F), 

see |Be96j . III. 22. Since CxF — > S is an etale covering, we obtain \G\ = x(^Cxf)/x(^s) 
(g(C)-l)(g(F)-l). 
(Hi) We have q(S) = g(C/G) + g(F/G), then we may assume 

g(C/G) = l, g(F/G) = 0. 

Setting E = C/G it follows that a: S — > E is a connected fibration with elliptic base, 
then it coincides with the Albanese morphism of S. 
(iv) Let S be a minimal surface of general type with p g = q = 1 which contains a genus 2 
pencil. There are two cases: 

• the pencil is rational, then either K s = 2 or K§ = 3 (see [Xi85j . p. 51); 

• the pencil is irrational, therefore it must be the Albanese pencil, and in this case 
2 < Kg < 6 (see [Xi85] . p. 17). 

In both cases, part (i) implies that S cannot be isogenous to a product. 
(v) This follows from part (iv). 

□ 

The two G— coverings /: F — > P , h: C — > E are induced by two admissible epimorphisms 
i?: r(0 | m) — > G, r ip: T(l j n) — > G, where m = (mi,...,m r ), n = (rti, . . . , n s ). The 
Riemann-Hurwitz formula gives 



(7) 



W -2=|G|(-2 + g(l-^)) 



2 5 (C)-2=|G|^ 



1 



Proposition 2.3. We have the following possibilities: 

(a) g(F) = 3, n = (2 2 ) 

(b) g(F) =4, n = (3 1 ) 

(c) g(F)=5, n = (2 1 ). 

Moreover, if G is abelian only case (a) may occur. 

Proof. Using ([7]) and part (ii) of Proposition 12.21 we obtain 

(8, 2 _ W „_ 1) g( 1 _i). 
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Since g(F) > 3 and the sum in the right-hand side of © is > |, we have g(F) < 5. If g(F) = 3 
then £-=i (l-l)=l )8 on= (2 2 ); if g{F) = 4 then £* =1 (l --£-)=§, so n = (3 1 ); if 

g{F) = 5 then Ylj=i — = |, so n = (2 1 ). Finally, if G is abelian then s > 2 (Proposition 
1.3p . so only case (a) may occur. □ 



Remark 2.4. If G is not abelian, then all possibilities (a), (b), (c) actually occur. Examples 
are given in Section [71 

Corollary 2.5. Suppose that G is abelian. Then 

• the Albanese fibration of S is an isotrivial genus 3 pencil with two double fibres; 
. \G\ = 2(g(C)-l). 

3. Abelian case: the building data 

In the sequel we will assume that G is abelian. By Proposition 12.31 the covering h: C — ► E 
is induced by an admissible epimorphism ip: T(l | 2 2 ) — ► G. If W = {gi, g2\ hi, /12} is the 
corresponding generating vector, we have 2g\ = 2g2 = g\ + g2 = 0, hence gi =52- For the sake 
of simplicity we set g\ = gi = g and we denote the generating vector by {g; hi, /12}. Note that 
(g) is the only non trivial stabilizer of the action of G on C. Analogously, if V := {gi, . . . g r } is 
any generating vector of G with respect to T(0 | m), the cyclic subgroups (gi), ■ ■ ■ , (g r ) are the 
only non trivial stabilizers of the action of G on F. Then the diagonal action of G on C x F is 
free if and only if 

(9) (H^) n ^ = { ° } ' 

Using the results contained in the previous section, we obtain 

Proposition 3.1. Suppose that we have the following data: 

• a finite abelian group G; 

• two admissible epimorphisms 

T(0 I m) — ► G, m = (mi, . . . , m r ) 
if;: T(l I 2 2 ) — y G 

with corresponding generating vectors V = {gi, . . . , g r }, W = {g; hi, ^2}- 

Let 

f: F — ► P 1 = F/G 
h:C — > E = C/G 

be the G— coverings induced by 1? and if) and let g(C), g(F) be the genera of C and F, which 
are related on G and m 61/ Q. Assume moreover that 

• g(C) > 3, g(F) = 3; 
. \G\ = 2{g{C) - 1); 

• condition (Tj?j) is satisfied. 

Then the diagonal action of G on C x F is free and the quotient S = (C x F)/G is a minimal 
surface of general type withp g = q = 1. Conversely, any surface of general type withp g = q = 1, 
isogenous to an unmixed product with G abelian, arises in this way. 

We will call the 4— pie (G, m, $, ip) the building data of S. 

Corollary 3.2. Let S = (C x F)/G be a surface of general type with p g = q = 1, isogenous to 
an unmixed product. Then the group G cannot be cyclic. 
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Proof. By contradiction suppose that G is cyclic; then G = Z 2m for some integer m. Let 
{<7i, . . . ,g r } and {g; hi, /12} be generating vectors of G as in Proposition 13.11 The group G 
contain exactly one subgroup of order 2, namely (g). On the other hand, since (g±, . . . , g r ) = G, 
we have l.c.m.(mi, . . . , m r ) = 2m; hence 2 divides some of the mi, say mi. This implies g G {gi), 
which violates condition (j^J). □ 



Let 9Jl a ,b be the moduli space of smooth minimal surfaces of general type with x(®s) 
^2 

L 5 



a, Kg = b; by a result of Gieseker, we know that 9Jt a ,b is a quasiprojective variety for all 



a,i) £ N (see |Gie77| ). Obviously, our surfaces are contained in 9Jti,8 and we want to describe 
their locus there. 

Proposition 3.3. For fixed G and m, denote by 9JT(G, m) the moduli space of surfaces with 
p g = q = 1 described by the remaining building data (1?, ip) . Then 9JI(G, m) consists of a finite 
number of irreducible components o/SDTi g, all of dimension r — 1. 

Proof. The fact that 9Jt(G, m) consists of finitely many irreducible components of SDtx,8 follows 
by general results of Catanese on surfaces isogenous to a product (see [CaOOj). The dimension 
of each component is r — 1 because we take r points on P 1 modulo projective equivalence and 
2 points on E modulo projective equivalence. □ 



Let us define 

^T, / ri \ . T7._: /TT T^/n I \ TTi— :/T, 

i2 



$(G, m) := Epi(n 3 , T(0 | m), G) x Epi(n„ (c) , T(l | 2 2 ), G); 



& := Aut(G) x Mod(r(0 | m)) x Mod(r(l | 2^)). 

The group (J5 naturally acts on the set $(G, m) in the following way: 

(A, r/o, m) ■ ^) := (A o $ o 7/0, Xoipo r/i). 

Proposition 3.4. Let S"i, ^2 6e too surfaces defined by building data ($1, ^1), (i?2 5 ^2) G 
$(G, m). T/ien Si anrf S2 belong to the same connected component o/SPt(G, m) if and only if 
Vi) anc ^ (^2 5 ^2) ar e in the same &— class. 

Proof. We can use the same argument of [BaCa03 , Theorem 1.3. In fact, Proposition [L6] allows 
us to substitute the pair of braid group actions considered in that paper with the two actions 
of Mod(r(0 I m)) and Mod(T(l | 2 2 )). □ 

Now let 53 (G, m) be the set of pairs of generating vectors (V, W) such that the the hypotheses 
of Proposition 13.11 are satisfied (in particular ([9]) must hold). Let us denote by 91 the equivalence 
relation on 05 (G, m) generated by 

• Hurwitz moves on V; 

• Hurwitz moves on W; 

• simultaneous conjugation of V and W by an element of A G Aut(G), i.e. we let (V, W) 
be equivalent to (A(V), A(W)). 

Proposition 3.5. The number of irreducible components in 9Jt(G, m) equals the number of 
y{— classes in 23 (G, m). 

Proof. Immediate consequence of Proposition 13.41 □ 

4. Abelian case: the classification 

We have the following result. 

Theorem 4.1. If the group G is abelian, then there exist exactly four families of surfaces of 
general type with p g = q = 1, isogenous to an unmixed product. In any case g(F) = 3, whereas 
the possibilities for g(C) and G are the following: 

I. g(C) = 3, G = (Z 2 ) 2 ; 
//. g(C) = 5, G = (Z 2 ) 3 ; 
III. g{C) = 5, G = Z 2 x Z 4 ; 
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IV. g(C) = 9, G = Z 2 x Z 8 . 

Surfaces of type / already appear in [Pol06| . whereas those of type II, III, IV provide new 
examples of minimal surfaces of general type with p g = q = 1, K 2 = 8. The remainder of this 
section deals with the proof of Theorem 14.11 Let S be defined by building data (G, m, i?, ip) 
as in Proposition 13.11 Using ((7J) and Corollary 12.51 we obtain 

(10) 2 = {g{C)-l)(-2 + Y j (l-l 



i=l 



Proposition 4.2. We have 3 < r < 6. Moreover, if r = 6 t/ie onfo/ possibility is 

m=(2 6 ), G=(Z 2 ) 2 . 
Proof. Using equation fjXOj) we can write 



(11) (9(C) - 1) Q - 2 j < 2 < ( ff (C) - l)(r - 2). 

Part (y) of Proposition 12.21 yields g(C) — 1 > 2, hence (jlip implies 3 < r < 6. Moreover we 
have r = 6 if and only if m = (2 6 ), and in this case |G| = 4. Then Corollary 13.21 implies 
G = (Z 2 ) 2 . □ 

Proposition 4.3. If r = 5 the only possibility is 

m = (2 5 ), G=(Z 2 )\ 

Proof. If r = 5 formula (|10p gives 

(12) 2 = (g(C) - 1) (3 - Y, — ) > (9(C) ~ 1) ( 3 - — \ 

i=i 

hence 

,(C)-1< 



3mi — 5 

If mi > 3 then 5(C) < 2, a contradiction. Then m\ = 2 and 5(C) — 1 < 4, hence |G| < 
8 (Corollary 12 .5 j) with equality if and only if m = (2 5 ). If m / (2 5 ) then G would be a 
noncyclic group of order smaller than 8 which contains some element of order greater than 2, a 
contradiction. Therefore m = (2 ) is actually the only possibility. Then G is an abelian group 
of order 8 generated by elements of order 2, hence G = (Z2) 3 . □ 

Proposition 4.4. If r = 4 the only possibility is 

m = (2 2 ,4 2 ), G = Z 2 xZ 4 . 

Proof. If r = 4 formula (|10p gives 



(13) 2 = (g(C) 

hence 



4-£^)>( 9 (c)-i)(2-^-). 



9 (C)-1< 



mi — 2 

If mi > 3 then 5(C) — 1 < 3, which implies |G| < 6. Since G is not cyclic the only possibility 
would be G = Z2 x Z2, which contains no elements of order > 3, a contradiction. It follows 
m = (2,7712,7713,7714). Applying again formula (|l(jp we get 

■1 



(14) 2 = (g(C) -l)(|-£—)> (5(C) - 1) f § - JLY 

V2 ^ mi) \2 m 2 J 

hence 

4mn 

»(C) - 1 < 



3?7i2 — 6 
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If 77^2 > 3 then \G\ < 8, and equality occurs if and only if m = (2,3 3 ). Since a group of order 
8 contains no elements of order 3, we must have \G\ < 8 and the only possibility would be 
G = 7L 2 x Z2, which contradicts 7772 > 3. Then m-2 = 2, so that m = (2 2 , 7773, 7774). Now suppose 
7773 = 2 and consider the generating vector V = {51,52,53,54}; since g\ + 52 + 53 + 94 = it 
follows 777.4 = 2, hence m = (2 4 ) which violates (jlOp . Therefore 7773 > 3 and an easy computation 
using (|10|) shows that there are only the following possibilities: 



(0 


m = 


(2 2 . 


3 2 ), 


\G\ = 12 


(«) 


m = 


(2 2 . 


3,6), 


\G\ = 8; 


(m) 


m = 


(2 2 . 


,4 2 ), 


\G\=8; 


(iv) 


m = 


(2 2 . 


.4,12), 


\G\ = 6; 


(v) 


m = 


(2 2 . 


6 2 ), 


|G|=6. 



In case (i), equality gi + g 2 + 93 + 9a = yields g 3 + g A = gi + g 2 , hence gi + g 2 = g 3 + g 4 = 0. 
This implies G = (51,53) = Z2 x Z3, which is a contradiction. Case (ii) must be excluded since 
a group of order 8 contains no elements of order 3. Finally, cases (iv) and (v) must be excluded 
since an abelian group of order 6 is cyclic. Then the only possibility is (Hi), so |G| is a noncyclic 
group of order 8 which contains some elements of order 4. It follows G = Z2 x Z4. □ 

Proposition 4.5. If r = 3 the only possibility is 

m=(2,8 2 ), G = Z 2 xZ 8 . 

Proof. If r = 3 formula (|1U|) gives 

(15) 2 = (g(C) -l)(l-J2—)> ( 9 (C) - 1) ( 1 - — Y 

hence 

5(C) -1< 2mi 



777i — 3 

Let us consider now the generating vector V = {51,52,53}- 

Case 1. Suppose mi > 4. Then g(C) — 1 < 8, so \G\ < 16 and equality holds if and only 
if m = (4 3 ). In this case the abelian group G is generated by two elements of order 4, thus 
G = Z4 x Z4. Without loss of generality, we may suppose g\ = e\, g 2 = e 2 , 53 = — e\ — e 2 , 
where e± = (1,0) and e 2 = (0, 1). Therefore (g\) U (g 2 ) U (53} contains all the elements of order 
2 in G, and condition ([9]) cannot be satisfied; hence m = (4 3 ) must be excluded. It follows 
\G\ < 16; since G is not cyclic and \G\ is even, we are left with few possibilities. 

• G = 7L 2 x Zq. This gives 7774 = 6, hence g(C) — 1 < 4 and \G\ < 8, a contradiction. 

• G = 7j 2 x Z4. This implies that the highest order of an element of G is 4, so m = (4 3 ), 
again a contradiction. 

• G = 7L 2 x 7L 2 . Impossible because 7774 > 4. 
Therefore m\ > 4 does not occur. 

Case 2. Suppose 7774 = 3. Since G = (51,52) and G is not cyclic, it follows G = Z3 x Z m2 with 
3|t772. Moreover 51 + 52 + 53 = implies 7773 = o(g\ + g 2 ) = m 2 . Set 7772 = 7773 = m; by using 
(fTUl) we obtain 



(16) a = W o-i)(i-H)= W o)-i)H£«. 

On the other hand 

(17) 5(C) -l = i|G| = ^. 

From ()16p and (|17f) it follows 777 = 5, a contradiction. Then m\ = 3 cannot occur. 

Case 3. Suppose m\ = 2. Exactly as before we get m = (2,777,777) and G = 7L 2 x Z m , with 

2 1 777. Therefore we have 

(18) ^(^-DH-^)^- 1 )^ 
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and 

(19) g( C )-l= l -\G\=m. 

Relations (JIB]) and (HH imply m = 8, hence m = (2, 8 2 ) and G = Z 2 xZ 8 . □ 
This completes the proof of Theorem 14.11 

5. Abelian case: the moduli spaces 

Now we provide the effective construction of surfaces of type /, II, III, IV and the descrip- 
tion of their moduli spaces Wli, Win, Sftiii, Wliv- 

Theorem 5.1. The moduli spaces 9Jti, Win, SJTjy are irreducible of dimension 5,4,2, respec- 
tively. The moduli space 9Jlni is the disjoint union of two irreducible components Wl^jj, ^frv 
both of dimension 3. 

The rest of this section deals with the proof of Theorem 15 . 11 By Proposition 13,31 we only 
have to compute the number of irreducible components in each case; this will be done by using 
Proposition 13.51 Let (V, W) £ 53(G, m); then the Hurwitz moves on V = {gi, . . . , g r } are 
generated by the transpositions of elements having the same order (Corollary II. 9p . whereas the 
Hurwitz moves on W = {g; hi, h 2 } are generated by 

1 2 

{9; hi, h 2 } — ► {g; hi, hi + h 2 }, {g; hi, h 2 } — ► {g; hi - h 2 , h 2 }, 

3 4 

{9; h, h 2 } — > {g; g + hi - h 2 , h 2 }, {g; hi, h 2 } — ► {g; -hi, -h 2 } 

(see Corollary I1.13j) . Moreover, we will often use the Hurwitz move obtained by successively 
applying 1, 2, 1, and that for the sake of shortness will be denoted by 5: 

{9; hi, h 2 } — ► {g; -h 2 , h}. 



5.1. Surfaces of type I. G = (Z 2 ) 2 , m = (2 6 ), g(C) = 3. 

Let {ei, e 2 } be the canonical basis of G and consider the generating vector W := {g; hi, h 2 }. 
Up to Hurwitz move 5 we may assume (g, hi) = G. Modulo automorphisms of G we have 
g = ei and hi = e 2 , so there are four possibilities: 

Wi = {ei; e 2 , 0}, W 2 = {ei; e 2 , e x }, 
W 3 = {ei; e 2 , e 2 }, W 4 = {ei; e 2 , ei + e 2 }. 

These vectors are all equivalent to Wi via a finite sequence of Hurwitz moves: 

W 2 ^M^Wj; W 3 -^Wi; W 4 1 ' 1 ^ 5 ' 3 W 1 . 

Now let us consider V = {gi, . . . ,g§}. Condition ([9]) implies gi 7^ ei, so there are two possibilities 
up to permutations: 

= {e2, e 2 , e 2 , e 2 , e x + e 2 , ei + e 2 }, 
V2 = {ei + e 2 , ei + e 2 , e x + e 2 , ei + e 2 , e 2 , e 2 }. 

The automorphism of G given by e\ —*■ e\, e 2 — > ei+e 2 sends Vi to V 2 and Wi to {ei; ei+e 2 , 0}, 
which is equivalent to Wi via the Hurwitz move 3. This shows that the elements of 2$(G; m) 
are all 9t— equivalent, hence 931/ is irreducible. 
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5.2. Surfaces of type II. G = (Z 2 ) 3 , m = (2 5 ), g(C) = 5. 

In this case the generating vector TV := {g; hi, /12} must be a basis of G as a vector 
space. Therefore up to automorphisms we may assume W = {ei; e 2 , £3}, where the e\ form 
the canonical basis of G. Now let us consider the generating vector V = {gi, . . . ,55}; notice 
that condition ([9]) implies gi 7^ e±. Let Ao be the automorphism of G given by Ao(ei) := ei, 
Ao(e 2 ) := e3, Ao(e3) := e 2 . It sends W to {ei; e3, 62}, which is equivalent to W via the Hurwitz 
move 5. Since (g\, . . . , g$) = G and g\ + • • • + 55 = 0, up to Ao and permutations V must be one 
of the following: 

= {e2, 62, e 3 , ei + e 2 , ei + e 2 + e 3 }, 
V 2 = {e 2 , e 2 , ei + e 3 , e\ + e 2 , e 2 + e 3 }, 
"^3 = {ei + e 2 + e 3 , ej + e 2 + e 3 , e 3 , e 2 + e 3 , e 2 }, 
V 4 = {ei + e 2 + e 3 , ej + e 2 + e 3 , ei + e 2 , e 2 + e 3 , ei + e 3 }, 
"^5 = {ei + e 2 , ei + e 2 , e 3 , e 2 , e 2 + e 3 }, 
^6 = {ei + e 2 , ei + e 2 , ei + e 3 , e 2 , e x + e 2 + e 3 }, 
"^7 = {e2 + e 3 , e 2 + e 3 , e 2 , ei + e 2 + e 3 , ej + e 3 }. 

Set Vi = {ai, cti, (3i, 7i, <5j}. One checks that, for every i G {1, . . . , 7}, the element Aj G Aut(G) 
defined by Aj(ei) := ei, Aj(e 2 ) := on, Aj(e 3 ) := sends Vi to V^. To prove that Win is 
irreducible it is therefore sufficient to show that, for every i, the generating vector AjCW) is 
equivalent to W via a sequence of Hurwitz moves. But this is a straightforward computation: 





AiCW) 


Ai(W) 




W 


Ai 


{ei; e 2 , e 3 } 








A 2 


{ei; e 2 , ei + e 3 } 


5, 3, 




5 


A3 


{ei; ei + e 2 + e 3 , e 3 } 


3 






A 4 


{e x ; ei + e 2 + e 3 , e x + e 2 } 


2, 5, 


3, 


2 


A 5 


{ei; ei + e 2 , e 3 } 


3, 


2 




A 6 


{ei; ei + e 2 , ei + e 3 } 


1, 3, 


5 


2 


A 7 


{ei; e 2 + e 3 , e 2 } 


2, 


5 





5.3. Surfaces of type III. G = Z 2 xZ 4) m = (2 2 ,4 2 ), 5 (C) = 5. 

Consider the generating vector {g; hi, fa 2 }; condition @ implies g ^ (0, 2), so up to automor- 
phisms of G and Hurwitz moves of type 5 we may assume g = (1,0), h\ = (0, 1). Therefore 
modulo the Hurwitz move 1 we have two possibilities: 

{(1,0); (0,1), (0,0)} and {(1,0); (0,1), (1,0)}, 

that are equivalent via the sequence 1, 3, 5, 4; so we may assume W = {(1,0); (0, 1), (1,0)}. 
Now look at the generating vector V = {g\, <? 2 , 53, 9a}', here the Hurwitz moves are generated 
by the transposition of g\ and gi and the transposition of g 3 and 54. Condition Q now implies 
gi 7^ (1, 0); since (gi, ... , 34} = G and g± + 52 + 93 + 9a = 0, there are four possibilities up to 
permutations: 

Vi = {(l,2), (0,2), (0,1), (1,3)}, V 2 = {(1,2), (0,2), (0,3), (1,1)}, 
V 3 = {(1,2), (1,2), (0,1), (0,3)}, V 4 = {(1,2), (1,2), (1,3), (1,1)}. 

Notice that 

• the automorphism of G given by (1,0) — > (1,0), (0,1) — > (0,3) sends Vi to V 2 and W 
to {(1,0); (0,3), (1,0)}, that is equivalent to W via the Hurwitz move 4. So the pair 
(Vi,W) is ^-equivalent to (V 2j W); 

• the automorphism of G given by (1,0) — > (1,0), (0,1) — > (1,3) sends V 3 to V4 and W 
to {(1, 0); (1,3), (1,0)}, that is equivalent to W via the sequence of two Hurwitz moves 
2, 4. So (V 3 ,W) is ^-equivalent to (V 4 ,W). 
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On the other hand (Vi,W) and (V3, W) are not fR— equivalent, since every automorphism of G 
leaves (0, 2) invariant. It follows that ^Xflni contains exactly two irreducible components. 

5.4. Surfaces of type IV. G = Z 2 x Z 8 , m = (2,8 2 ), g(C) = 9. 

Consider the generating vector W = {g±; hi, /12}; condition ([9]) implies g 7^ (0,4), so exactly 
as in the previous case we may assume, up to automorphisms of G and Hurwitz moves, W = 
{(1,0); (0,1), (1,0)}. Now look at the generating vector V = {g±, 52, 53}; here the only 
Hurwitz move is the transposition of 52 and 53. Condition ([9]) now implies gi 7^ (1,0); since 
(91, 92, 93} = G and g\ + 52 + 93 = 0, there are four possibilities up to permutations: 

Vi = {(1, 4), (0, 1), (1, 3)}, V 2 = {(1, 4), (1, 1), (0, 3)}, 
V 3 = {(1,4), (1,7), (0,5)}, V 4 = {(1,4), (0,7), (1,5)}. 

Notice that 

• the automorphism of G given by (1,0) — ► (1,0), (0, 1) — > (1, 1) sends Vi to V2 and W 
to {(1,0); (1, 1), (1,0)}, which is equivalent to W via the Hurwitz move 2; 

• the automorphism of G given by (1, 0) — > (1, 0), (0, 1) — > (1, 7) sends V\ to V3 and W to 
{(1,0); (1,7), (1,0)}, which is equivalent to W via the sequence of two Hurwitz moves 
2 4- 

• the automorphism of G given by (1,0) — > (1,0), (0,1) — > (0,7) sends Vi to V4 and W 
to {(1, 0); (0, 7), (1, 0)}, which is equivalent to W via the Hurwitz move 4. 

It follows that (Vi,W), . . . , (V4, W) are all 91— equivalent, hence VJtiv is irreducible. 
This completes the proof of Theorem 15.11 

6. Abelian case: the paracanonical system 

Now we want to study the paracanonical system of surfaces constructed in the previous 
sections. We start by recalling some definitions and results; we refer the reader to [CaCi91] for 
omitted proofs and further details. Let S be a minimal surface of general type with p g = q = 1, 
let a: S — > E be its Albanese fibration and denote by Ft the fibre of a over the point t € E. 
Moreover, define K$ + 1 := K$ + Ft — Fq, where is the zero element in the group structure of 
E. By Riemann-Roch we obtain 

h°(S, K s + t) = l + ZiV, K s + t) 

for all t € E — {0}. Since p g = 1, by semicontinuity there is a Zariski open set E' C E, containing 
0, such that for any t G E' we have h°(S, Ks + 1) = 1; we denote by Ct the unique curve in 
\Ks + t\. The paracanonical incidence correspondence is the surface Y C S x E which is the 
schematic closure of the set {(x,t) G S x E' \ x E Ct}- Then we can define Ct for any t E E 
as the fibre of Y — > E over i, and Y provides in this way a flat family of curves on S, that 
we denote by {K} or by {Ct} and we call the paracanonical system of S. According to [Be88], 
{K} is the irreducible component of the Hilbert scheme of curves on S algebraically equivalent 
to Ks which dominates E. Let T be a Poincare sheaf on S x E\ then we call % = tt s (los) 7 
the paracanonical system on S x E. Let Aj := R 1 {'Ke)*'^- By the base change theorem, A 
is an invertible sheaf on E, A 2 is a skyscraper sheaf of length 1 supported at the origin and 
A 1 is zero at the origin, and supported on the set of points {t € E \ h°(S, Ks + t) > 1}; set 
A := length (A 1 ). 

Definition 6.1. The index l = t(K) of the paracanonical system is the intersection number 
Y ■ ({x} x E). Roughly speaking, l is the number of paracanonical curves through a general point 
ofS. 

If F is a smooth Albanese fibre of S, then the following relation holds: 



(20) 



i = g(F)-X. 
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Set V := a*oJs- Then V is a vector bundle of rank g(F) over E, such that any locally free 
quotient Q of V verifies deg(Q) > (this is a consequence of Fujita's theorem, see [Fu78j ). 
Moreover we have 

(21) h°(E, V) = 1; h\E, V) = 0; deg(y) = 1. 

By Krull-Schmidt theorem (see [At56j) there is a decomposition of V into irreducible summands: 

k 

(22) V = QWi 

i=l 

which is unique up to isomorphisms. Set di := deg(VFj); by (f2T|) we may assume d\ = 1, and 
di = for 2 < i < k. The following result shows that decomposition (j22[) is strongly related on 
the behavior of the paracanonical system {K}. 

Proposition 6.2. Let V = ©(Li Wi as above. Then the following holds: 

(i) k = A + 1; 
(if) rank(Tyi) = t; 

(m) rank(Wj) = 1 for 2 < i < k. Hence Wi is a line bundle of degree for i > 1; 
(iu) /ei L be a line bundle over E; then h°(S, us $5 a*L) > 1 if and only if L = W^ 1 for 
some i > 1. 

Proo/. See [GaCi91]. □ 
Now we can prove the main result of this section. 

Theorem 6.3. Let S = (C x F)/G be a surface of general type with p g = q = 1, isogenous to 
an unmixed product. If G is abelian, then t(K) = 1. 

Proof. We start with a lemma. 

Lemma 6.4. Letnc'. CxF — > C, np. CxF — ► F be the two projections. Then {'Kc)*' k f^f = 

Proof. Being CxFa product, if we fix one fibre F Q of the map ire then any fibre of the bundle 
(Trc)*TTpUJF can be canonically identified with the vector space H (F o , (tt f up)\p ), which in 
turn is isomorphic to H (F o ,ujf o ) = C 9 ^ by the adjunction formula. This ends the proof. 

□ 

Now consider the commutative diagram 

CxF — S 

(23) ire 

C — E. 

Since flatness commutes with the base change (see [Ha77j ). we have 

a*.p*uj C xF = K(tt c )*ujcxF- 
On the other hand, by using projection formula and Lemma 16.41 we can write 

{irc)*ucxF = (Kc)*{ir* F oj F ® tt* c uc) 

= (7Tc)*Vr F LO F (g) LUC = UJ C ■ 

Hence we obtain 



(24) a*p*uJcxF = (h*uc 
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Since G is abelian, the structure theorem for abelian covers proven in [Par91] implies that the 
sheaves p*OcxF and h*Qc split in the following way: 

P*0cxF = 0s(B L- 1 
, s xeG*\{0} 
(25) 

h*Qc = Q E ® L-\ 

X 6G*\{0} 

where G* is the group of irreducible characters of G and £ x , L x are line bundles. More precisely, 
and L~ l are the eigensheaves corresponding to the non-zero character x € G*. Moreover, 
since the map p: C x F — ► S is etale, the degree of each L x is zero. From (I25D we obtain 

X GG*\{0} 

Ku c = E @ L x , 

xec7*\{o} 

that is, using relation flU]) , 

(26) £ x ) = of {F) 

xec*\{0} xgg*\W 

The right-hand side of (I26p is a direct sum of line bundles; since the decomposition of a vector 
bundle into irreducible summands is unique up to isomorphisms, we deduce that a*uis de- 
composes as a direct sum of line bundles. Then rank(M^i) = 1, which implies t{K) = 1 by 
Proposition 16.21 (ii). This concludes the proof of Theorem 16.31 □ 

If S is any minimal surface of general type with p g = q = 1, let us write {K} = Z + {M}, 
where Z is the fixed part and {M} is the movable part of the paracanonical system. 

Corollary 6.5. Let S as in Theorem 16.31 Then {M} coincides with the Albanese pencil {F}. 

Proof. Since l = 1, through the general point of S passes only one paracanonical curve, hence 
M 2 = 0. By [CaCi91J, Lemma 3.1 the general member of {M} is irreducible, hence {M} pro- 
vides an connected, irrational pencil on S. By the universal property of the Albanese morphism, 
it follows {M} = {F}. □ 



7. The nonabelian case 

The classification of surfaces of general type with p g = q = 1, isogenous to a product of 
unmixed type, is still lacking when the group G is not abelian. The following theorem sheds 
some light on this problem, by providing several examples. 

Theorem 7.1. Let S = (C x F)/G be a surface of general type with p g = q = 1, isogenous 
to an unmixed product, and suppose that the group G is not abelian. Then the following cases 
occur. 



G 


\G\ 


9(C) 


9(F) 


Ss 


6 


3 


4 


D 4 


8 


3 


5 


D 6 


12 


7 


3 


A 4 


12 


4 


5 


S 4 


24 


9 


4 


A 5 


60 


21 


4 
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The remainder of Section [7] deals with the proof of Theorem IT. 11 Let S = (C x F)/G be 
a minimal surface of general type with p g = q = 1, isogenous to an unmixed product, and 
let f: F — ► P 1 , h: C — > E be the two quotient maps. Therefore /, h are induced by two 
admissible epimorphisms 

0:r(O|m) — ► G, V:r(l|n) — ► G, 

where m = (mi, . . . , m r ), n = (m, . . . , n s ). Let V = {gi, . . . , g r } and W = {£i, . . . ,£ s ; hi, /12} 
be the generating vectors defined by i? and ijj, respectively. By definition we have 

g^=...=g^r =gm ... gr = li 
^ = ... =£ ns =il l 2 ... is[huh2 } =1: 

G = (gi, ...,g r } = (h, ... ,4, h, h 2 ). 

The cyclic subgroups (gi), ■ ■ ■ , (g r ) and their conjugates are the non-trivial stabilizers of the 
action of G on F, whereas {li), ■ ■ ■ , {£ s ) an d their conjugates are the non-trivial stabilizers of 
the actions of G on C; then the diagonal action of G on C x F is free if and only if 

(27) C |J {Jihgih- 1 }) n C |J UW 1 )) = {I}- 

Summing up, we obtain the following generalization of Proposition 13.11 to the nonabelian case. 

Proposition 7.2. Let us suppose that we have the following data: 

• a finite group G; 

• two admissible epimorphisms 

•&: T(0 I m) — > G, m = (mi, . . . , m r ) 
V>:r(l|n) — > G, n = (m, . . . ,n s ) 

with corresponding generating vectors V = {gi, . . . , g r } and W = {£i, . . . ,£ s ; hi, fil- 
let 

f: F — > P 1 = F/G 
h:C — ► E = C/G 

be the G— coverings induced by i? and if) and let g(F), g(C) be the genera of F and C, that are 
related on \G\, m, n by @. Assume moreover that 

• g(C) > 3, g(F) > 3; 

. \G\ = (g(C)-l)(g(F)-l); 

• condition < \27\) is satisfied. 

Then the diagonal action of G on C x F is free and the quotient S = (C x F)/G is a minimal 
surface of general type withp g = q = 1. Conversely, any surface of general type withp g = q = 1, 
isogenous to an unmixed product, arises in this way. 

Remark 7.3. We could also generalize Proposition 13. 41 to the nonabelian case, in order to study 
the moduli spaces of surfaces listed in Theorem 17.11 but we will not develop this point here. 

Remark 7.4. By Proposition O we have g(F) < 5, so |Aut(G)| < 192 (see [Br90] . p. 91). We 
believe that the classification of the unmixed, nonabelian case is not out of reach and we hope 
to achieve it on a forthcoming paper. 

Now let us construct our examples. In the case of symmetric groups, we will write the 
composition of permutations from the right to the left; for instance, (13) (12) = (123). 
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7.1. G = S 3 , g{C) = 3, g(F) = 4. 
Take m = (2 6 ), n = (3 1 ) and set 

9i= 92 = (12), 93 = g A = (13), 55 = 56 = (23) 
fei = (12), h 2 = (123), £i = (132). 

Condition (|27[) is satisfied, hence Proposition 17.21 implies that this case occurs. 

7.2. G = D 4 , g(C) = 3, g(F) = 5. 

G is the group of order 8 with presentation 

{p,° I P 4 = c 2 = 1, = crp 3 }. 

Take m = (2 6 ), n = (2 1 ) and set 

91 = 92 = 93 = 94 = 0", 55 = 56 = per 

^i = o-, ^2 = P, h = P 2 - 

Condition (J2T]) is satisfied, so this case occurs. This example and the previous one were already 
described in [Pol06], 

7.3. G = As, 9(C) = 7, g(F) = 3. 

G is the group of order 12 with presentation 

(P, a \ p 6 = a 2 = 1, pa = ap 5 ). 
Take m = (2 3 , 6 1 ), n = (2 2 ) and set 

91 = P 3 , 92 = per, 93 = P 5 cr, 54 = P 
hi = h 2 = p, t\ = £2 = cr. 

Condition (|27|) is satisfied, so this case occurs. 

7.4. G = A 4 , g{C) = 4, g(F) = 5. 
Take m = (3 4 ), n = (2 1 ) and set 

01 = (234), 52 = (123), 53 = (124), 54 = (134) 

hi = (123), h 2 = (124), l x = (12)(34). 

Condition (f27|) is satisfied, so this case occurs. 

7.5. G = S A , g(C) = 9, g{F) = 4. 
Take m = (2 3 ,4 1 ), n = (3 1 ) and set 

51 = (23), 52 = (24), 53 = (12), 54 = (1234) 

hi = (12), h 2 = (1234), l x = (132). 

Condition (f2T|) is satisfied, so this case occurs. 

7.6. G = A 5 , 5(C) = 21, g{F) =4. 
Take m = (2, 5 2 ), n = (3 1 ) and set 

5i = (24)(35), g 2 = (13452), 53 = (12345) 

hi = (345), h 2 = (15432), l x = (235). 

One checks by direct computation that 515253 = ^i[^i,^2] = 1- Since 535153 = (152), it follows 
that the subgroup generated by 51,52,53 has order at least 2 • 3 • 5 = 30. On the other hand G 
is simple, so it cannot contain a subgroup of order 30; therefore (51,52,53} = G. Analogously, 
l\h\l\ = (24) (35) which implies that the subgroup (£±, h\, h 2 ) has order at least 30 and so must 
be equal to G too. Condition (I27p is verified, hence this case occurs. 

This completes the proof of Theorem 17.11 
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